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Abstract. Under a nondegeneracy condition, we show that an equiregular 
sub-Riemannian manifold of step size r admits a canonical, V-rigid comple- 
ment defined from the sub-Riemannian data that is preserved the by action 
of sub-Riemannian isometries. We explore how the existence of such a com- 
plement relates to results from the literature and study the step size 2 case in 
more detail. 



1. Introduction 

In recent years, there has been activity in applying tensorial analysis on sub- 
Riemannian manifolds. Topics studied include minimal and constant mean curva- 
ture spaces ([7], [14], [12] ,[13], [15]), natural sub-elliptic operators and heat kernels 
methods ([4] , [5] ,[2] ,[3], [10]), and isometries of sub-Riemannian manifold ([9]), 
amongst others. A key feature of many of these tensorial approaches has been the 
choice of a complementary bundle and the definition of some type of connection 
dependent on this bundle. Indeed, in [llj . the author shows, that given a choice of 
complement, a canonical notion of covariant derivative can be defined for sections 
of the horizontal bundle. 

In this short paper, we show that, for equiregular sub-Riemannian manifolds 
satisfying a nondegeneracy condition, there is an intrinsic choice of complemen- 
tary bundle together with an extension of the sub-Riemannian metric to a full 
Riemannian metric. The complement and metric extension are also both invariant 
under smooth infinitesimal sub-Riemannian isometries. The canonical connection 
associated to the complement and metric extension defined in [11] has the F-rigid 
property (defined in Section |4] or [11]) which, as we shall discuss, greatly simplifies 
tensorial analysis in many applications. 

In Section [2] we develop the required notation and terminology, briefly review 
known intrinsic objects on equiregular sub-Riemannian manifolds and introduce 
the bracket-structure ^7-maps and the semi-^-nondegenerate condition. In Section 
|3] we prove our main result on the existence of an intrinsic natural complement. 

Theorem A. For any semi-J -nondegenerate, equiregular sub-Riemannian mani- 
fold there exists an algorithmically defined, natural , V -rigid complement. 

The complement produced by this algorithm is named the minimal rigid com- 
plement. 

The precise notion of complement and vertical rigidity are introduced at the end 
of Section [2] The adjective natural here means that the object is invariant under 
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smooth infinitesimal sub-Riemannian isometries. In Section |4] we remark on the 
relevance of this result to several topics that are prevalent in the literature. In 
particular, we establish 

Theorem B. IfM is a a semi- J -nondegenerate, equiregular sub-Riemannian man- 
ifold, the group of smooth, infinitesimal sub-Riemannian isometries of M is a Lie 
group with dimension bounded above by dlmg ( d ™ H 3 ) _|_ dimM. 

Finally in Section[5j we discuss the step 2 case where the nondegeneracy condition 
is least restrictive. 



2. Terminology and definitions 

In this section, we introduce the basic definitions and terminology used through- 
out this paper. 

Definition 2.1. A sub-Riemannian manifold (M,H,g H ) consists of a smooth man- 
ifold M , a smooth bracket-generating subbundle H of the tangent bundle and a 
smoothly varying, positive definite inner product g H on each H x with x € M. 

We shall focus on equiregular sub-Riemannian manifolds which have a strong 
additional assumption on the Lie brackets of vector fields in H. To describe this 
assumption, let H\ = H and define a nested sequence of distributions 

(1) ffiCff 2 Cif 3 C,,, 

by 

(H i+1 ) x = (Hi) x + {[A,B] X : A e C°°(Hi), B E C°°(Hi)}. 

The bracket-generating condition can then be interpreted as for all x € M , there 
is an integer r(x) such that (H r ( x \) x = T X M . We say that M has step size r if 
H r = TM and Ji r _! ^ TM, 

Definition 2.2. A sub-Riemannian manifold M is equiregular if it has step size r 
for some r > 1 and for each i — 1 , . . . , r the distribution Hi is of constant rank. 

A trivial consequence of equiregularity is that the inclusions Hi C -ffi+i in (|TJ) 
are strict for i < r — 1 and equalities for i > r. For the remainder of this paper, we 
shall always assume that M is equiregular with step size r. 

Next we introduce an intrinsic way of encoding the differences between these 
successive subbundles. Set Hq = {0} and then inductively H m = H m / H m -\. For 
convenience of notation, we set d m = dim H m and note dim M = d\ + • • • + d r . For 
A G (H m ) x , let [A] m denote the equivalence class in H m . Now we introduce the 
annihilator subbundles of T*M by 

(HS) X = T*M, {H°) x = {cj ) e T* X M: 4> m)m = 0}. 

Thus H° C H°_ x C • • • C iff C iff C {Hg) = T*M and we can define natural dual 
spaces to Hi, . . . , H r by setting V m = H% l _ 1 /H% l for m = 1, . . . , r. 

The geometry of a sub-Riemannian manifold is closely connected to the bracket- 
structure on H. This structure can be encoded in a family of pointwise bilinear 
mappings 

B k ' m : H m x H k — >• Hk+m 
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defined as follows: if a G (Hk) x , b G {H m ) x , let A,B be any sections of Hk, H m 
respectively that represent a, b at x, then 

(2) B k >™(a,b)=[-[A,B] ]x ] k+m 
Lemma 2.3. The bilinear forms B k,m are well-defined. 

Proof. Given sections A,B of Hk, H m representing a, b respectively. Any other 
such sections representing a and b will then locally take the form 

A = A + fZi + C 

B = B + g J Wj + D 

where {Zi}, {Wj} are sections of Hk, H m that represent orthonormal frames for 
Hk, H m respectively, f 1 and gi are collections of smooth functions that vanish at 
x and C, D are sections of Hk—i, -Hm-i respectively. 

Then, using the fact that each f % ,g^ vanishes at x and [A, D]\ x , [C, B]i x G 
-ffm+fc-i, we must have 

[A,B} {X = [A,B] [X + [fZ h B} lx + [A,D} lx + [C,B\ X + [A^W^ 

= [A,B] ]x -({Bf)Z^ +[A,D]\ a + [C,B]\ w +((Agt)W j ) 
= [A,B]\ X mod(Hk+rn)\x- 

□ 

Our purpose is to construct a complementary bundle to H for an equiregular 
sub-Ricmannian manifold that is intrinsic in the sense that it depends only on the 
sub-Ricmannian data. On sub-Riemannian manifolds with plentiful symmetries, 
one consequence is that the complement must be invariant under appropriately 
defined sub-Riemannian isometries. Following the language of [9], we make the 
following definition. 

Definition 2.4. If(M,H,g H ) is a sub-Riemannian manifold, a weak H-isometry 
of M is a diffeomorphism F: M — > M such that F^H = H and F*g H = g H . 

We shall call an object natural if it is preserved in an appropriate sense by all 
weak if-isometries of M in an appropriate sense. As immediate examples, it is 
trivial to show that the distributions H m and H° n are natural as F*H m = H m and 
F*H° l = H^ for all diffcormorphisms preserving H. For weak iJ-isometries it is 
then easy to verify that the bilinear mappings B k,m are natural in the sense that 
F*B k < m {a, b) = B k > rn (F*a, F*b). 

We now show that the inner product can be extended in an intrinsic fashion to 
the quotient bundles H m . Define n\ : A 2 Hi — >• H^ by linear extension of 

7Ti (X A Y) =B 1 ' 1 {X,Y). 

For j > 1, we define linear maps ttj : Hi <g> Hj — > Hj + i by linear extension of B l -K 
Then for all j > 0, we can inductively identify -Hj+i with kerTtj-. We then use this 
to successively define an inner product on each H rn . By duality, we then also have 
inner products on each V m . It is easy to verify that each of these inner products is 
natural in the obvious sense. 

The key difficulty with using the bundles H m is that sections are not genuine 
vector fields but sections of H m defined only up to the addition of a section of il m _i. 
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We shall need language to describe particular representatives in each equivalence 
class. 

Definition 2.5. Form > k, an (m, k)-frame atx is a row-vector E x = (E\, . . . ,Ed m ) 
with entries in (H m / Hk) x such that the equivalence class [E x ] m forms an orthonor- 
mal frame for {H m ) x . Thus an (m,m — 1) -frame field consists of sections of H m , 
but an (m,0)-frame field consists of genuine vector fields. 

An m-coframe at x is a column-vector ip = ((p 1 , . . . ,<fi dm ) of elements of (H° n _ 1 ) x 

such the equivalence class [<p] m is an orthonormal frame for V™ . 

A pair (E x ,ip x ) consisting of an (m,k)-frame and m-coframe at x is dual if 
<p(E) = Id m xd m - 

Let <£>™ denote the collection of TO-coframes, ip x . For cp x S <f>™ and k < m, let 
Q™(<^ x ) denote the collection of (m, fc)-frames at x dual to ip x . Thus for a fixed 
element ip x e $"\ the set ^m-iiVx) consists of a single element. Furthermore, 
each element of £l™((p x ) can be viewed as an affine space acted on by (Hk-i ) x m ■ 
We shall typically work with local sections of these spaces. 

It is also easy to check that under an orthonormal change of frame f(p, 

nz(f<p) = nz(<p)f T 

where [E]k,f T = [Ef T ]k- Thus we can also define pointwise 

where ~ is equivalence under a orthonormal change of frame, i.e. [E] ~ [Ef ] for 
any section / of 0(d m ). 

The following observations are trivial. 

Lemma 2.6. If E is an (m, k)-frame at x, then E is naturally isomorphic to a set 
(to, k — l)-frames at x that form an affine space over {H^^) x . 

Lemma 2.7. The bundles f2™ are natural. 

Proof. This follows from the trivial observation that for a weak iJ-isometry F, 

□ 

We can now introduce our nondcgeneracy condition. Using the intrinsic inner 
products on each Hi, we obtain well-defined, natural, linear bundle maps 

jm ,k. ym+k ^Kom(H m ,H k ) 

by 

(3) (J m > k M)a,b) :=[ct>}(B m ' k (a,b)) = d<t>(a,b). 

Definition 2.8. An equiregular sub-Riemannian manifold M is semi- J - nonde- 
generate at x if for all 2 < k < r and k-coframes (p x G & k ((p x ), the map 

J k x : (Hk-i)^ ^M dkXdk (H x ) 

defined by 

(4) j£ w (Z) = J k -^[<p x ](Z) + [j k -^[ l p x ](Z)} T 
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is injective. We say M is semi- J -nondegenerate if this holds at every x € M. 

Here for a vector space Y, the notation Y k denotes the vector space of fc-row 
vectors with entries in Y and M mxn (Y) is the space of m x n matrices with entries 
in Y. In the step 2 case discussed in Section [SJ there is a stronger nondegeneracy 
condition called jT-nondegenerate which motivates the modifier "semi" used here. 

It should be remarked that under an orthonormal change in (p, 

jp v (Zf T ) = fJ™(Z)f T 

and so the semi- J- nondegenerate condition is independent of the choice of tp x . 

As the final part of this section, we introduce a precise definition of the notion 
of a complement. 

Definition 2.9. A partial complement at step m + 1 is a subbundle such V m +i 

H m +i — Urn © V m +i 

for m — 1, . . . ,r — 1. A graded complement V is a direct sum of partial complements 

V = v 2 © ••• ®v r . 

These are the first objects under consideration in this paper that are not defined 
from intrinsic sub-Riemannian data. It should then be emphasized here that partial 
complements typically are not natural. Indeed our primary focus is to establish the 
existence of a natural complement under the semi-jT-nondegeneratc condition. 

However, any choice of partial complement Vj is pointwise isomorphic to Hj and 
so inherits an inner product. Thus any choice of complement comes equipped with 
an intrinsic extension of the sub-Riemannian inner product with the property that 

TM = H 8 Vi © • • • © V r 

is an orthogonal decomposition. 

For many applications a further property of complements is often useful. 

Definition 2.10. A complement V is V -rigid if whenever {Ui} is a local orthonor- 
mal frame for V with dual frame {ip 1 }, we have 

(5) ^^(C/ 4 ,X) = 

i 

for all horizontal vectors X £ H . 

If / is an orthogonal matrix valued function, dff T is easily seen to be a skew- 
symmetric matrix. Thus this condition need only be checked for one orthonormal 
frame near each point. Some consequences of this definition are reviewed in Section 

SI 

We end this section by remarking that locally a partial complement V m is 
spanned by collection of vector fields E\ , . . . , Ed m such that the equivalence classes 
[Ei] m , ■ ■ ■ , [Ed m ] m form a local orthonormal frame field for H m . Any other com- 
plement will be spanned by alternative representatives from the same equivalence 
classes. A choice of partial complement can be regarded as a choice of representa- 
tives for [E{\ m , . . . , [E dm ] m . 
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3. Existence of an intrinsic natural connection 

In this section we shall prove Theorem A by introducing measures on the spaces 
of local (m, fc)-frame fields [E] viewed as affine spaces of (m, k — l)-frame fields. 
These measures shall be defined in terms of the norms of matrix-valued functions. 
Our algorithm will essentially run by iteratively isolating unique sections of minimal 
norm until we have a well-defined (to, 0)-frame for each to. 

Before we can begin the proof, we need a few more preliminary definitions and 
results. First we formally construct the norm we shall be minimizing. Given an 
inner product space Y, we set Mj X h(Y) to be the vector space of j x k matrices 
with entries in Y. We can then define an inner product on Mj X k(Y) by 



i.m 



Informally, this can be expressed as ( A , B ) = tracc_B T A where all multiplications 
in the product are replaced by inner products in Y. In particular, ||^4|| 2 = ll^rll 2 - 
Given an m-coframe field <p and a dual (m, m — j — l)-frame field E with j > 1, 
we can define a section J?(<p, E) of Md mX d m {H) by 

(6) (^(<p,E), X) =d l p(E,X) + d l p(E,X) T . 

This is well-defined as E is uniquely defined up to sections of il m _j_i and 

[X, i? TO _j_i] C i? TO -i 

which is annihilated by (p. 

Given an orthonormal change of frame fcp with corresponding change of dual 
coframe Ef T , we obtain 

d(f<p)(Ef T ,v) = fdtp(E,v)f T - df(v)f. 
Now fdf T + dff T = so the later portion is skew-symmetric and hence 

(7) y(f<p,Ef T ) = fy(<p,E)f T . 

Additionally, given an m-coframc field cp and a (k,m— l)-frame field E with 
to < k and <p(E) — 0, we define a section of Md mX d k {H) by 

(8) {&/(<p,E) , X) = d(p(E, X). 

With these conditions on (p and E, it follows that under orthonormal changes to 
f m ip and EfJ, 

(9) *t{fmV>, Eft) = f m ^(f, E)fi 

and so 

\\s/{f mV ,Efi)\\ = \\f m */{<p,E)fi\\. 
Now for j < to an element E e f2™(<£ x ) can be viewed as an affine space [E] with 
elements in Q^i 1 (<p) and underlying vector space (Hj) dm . Hence for a m-coframe 
field ip, £?(<p, •) and S fi {<p 1 ■) can be viewed, in a pointwise fashion, as affine linear 
maps from an affine space [E] to vector spaces of H- valued matrices. Furthermore, 

these maps have the properties that if Z is a section of (^H m -ij then 



(10) 



S>(<p,E + Z) = S>(<p,E) + J$ ] (Z) 

*/(<p, E + Z) = srf(<p, E) + J ro - 1 ' 1 ([<p])(Z). 
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Thus if M is semi-J^-nondegenerate, both affine linear maps 5? and srf are injective 
and can be used to identify [E] pointwise with an affinc linear subspace of an 
appropriate vector space of H- valued matrices. 
The following result is also trivial. 

Lemma 3.1. Both and srf are natural in the sense that 

F.S'(F*<p,E)=S'(ip,F.E) 

for any weak H -isometry F with a similar identity for srf . 

Before beginning to set up the required algorithm for determining a complement, 
we establish a technical lemma that we shall need later for vertical rigidity. 

Lemma 3.2. If M is equiregular and semi-J-nondegenerate, then for any 2- 
coframe (f the map 

trJl x : H d x - -> H x 

is surjective at all points x. 

Proof. Let ip x = {(j) 1 , . . . , (f> d2 ) T € $ 2 X . Since M is semi-jT-nondegenerate, it follows 
that J 1A [(p]: H d ' 2 -> Md 2 xd 2 (H) is injective and hence 

nkerj 1 ' 1 ([^] 2 ) = {0}. 

i 

However, since J 1 ' 1 ^]) is skew-adjoint for all ip £ V 2 , we can immediately deduce 
that 

ranged 1 ' 1 (I^)) + • • • + range(J 1 ' 1 ([^] 2 )) = H x . 
The result then follows from the observation that 

J 2 x {X u ...,X d2 ) = 2Y,J 1 '\Wh){X i ). 
i=i 

□ 

For a weakly non-degenerate equiregular sub-Riemannian manifold this implies 
that complements with the required rigidity exist at all points x G M. However, 
these complements are typically non-unique. To argue that a collection of pointwise 
complements can be pieced together into a smooth partial complement bundle, we 
shall need to construct an algorithm for identifying a single pointwise complement 
from purely sub-Riemannian data and show that the outcome of this algorithm 
depends smoothly on the parameter x. 

The key idea will be to construct partial complements that minimize measures 
depending on and si '. As a first step, we establish the following pair of lemmas. 

Lemma 3.3. Suppose M is a semi-J-nondegenerate equiregular sub-Riemannian 
manifold and (p is a smooth local section of <fr m with a dual (m, m— 1) -frame field E. 
The function \\S fi {f xl -)\\ attains its minimum on [E] at a unique (m,m — 2)-frame 
field F. This minimizing frame field depends smoothly on x E M. 

Furthermore the under the orthonormal change fcp, the minimal section becomes 
Ff T . So this defines a unique, smooth local section offl™_ 2 . 
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Proof. Recall that [E] is an affine space with underlying vector space H m -\. The 
semi-^7-nondegeneracy condition then implies that pointwise ,5f is an injective, 
affine linear embedding into Md m xd m (H). Basic linear algebra implies that any 
affine linear subspace of an inner product space admits a unique element of min- 
imal norm. This minimal element can be constructively found using orthogonal 
projections and so will depend smoothly on x G M. 
The final part follows easily from (|7|). 

□ 

A virtually identical argument, using ^ in place of ([7]) proves the following. 

Lemma 3.4. Suppose that M is a semi-J-nondegenerate equiregular sub-Riemannian 
manifold, that m > k, that if is a k-coframe field and that E is a (to, k — \)-frame 
field E with ip(E) = 0. The function \\jt/(ip x , -)\\ attains its minimum on [E] at a 
unique (to, k — 2) -frame field F. This minimizing frame field depends smoothly on 
x e M. 

Furthermore the under the orthonormal changes fk'-P, ^fm > the minimal section 
becomes F/,^. So this defines a unique, smooth local section of£l™_ 2 - 

We are now finally in a position to establish our main technical result. 

Lemma 3.5. Suppose that < to < r and local sections [e] r m , [e]^" 1 , . . . , [e]™ +1 of 
f^, . . . , have been chosen. Then there is an algorithmic method that uniquely 

determines sections [e]J„_ 1 , . . . , [e]™!-^ [e]™^ offl 7 nl _ 1 , . . . , S7^_ 1 such that point- 
wise [eY m _ 1 £ [e]J„ for j = m + 1, . . . , r. 

Before we give a proof, we remark that the algorithm increases the number of 
sections by one. The additional section is uniquely determined but has no pointwise 
inclusion condition. 

Proof. First we define 

V m+1 = {^e H° m : <K[eL) = ••■ = V^[eC +2 ) = 0.} 

This space is pointwise isomorphic to V m+1 . Choose a representative of 
[e]™ +1 and a dual coframe cp m+1 whose entries are contained in v m+1 . Now we 
can apply Lemma 13.41 to ip m+1 and the chosen sections one by one. The only 
exception is [e]™ +1 where we apply Lemma l3. 31 instead. This produces the required 
nested sequence of sections [e]J n _ l7 . . . , [e]™ti- 

To produce the additional section [e]™_ 1; we now set 

(11) V m = {^£ H° m _ x : MeL-r) = • • • = i>([e\2t\) = 0.} 

Choose any m-coframe field with entries in V m and [e]™_ x be the equivalence class 
in of any dual (to, to — l)-frame field. 

□ 

We can now prove our main result. 

Proof of Theorem A. 

The proof runs by backwards induction using Lemma 13.51 The goal is to deter- 
mine a unique, intrinsically defined, section e§ of Op for all 2 < k < r. 

We begin with the observation that, at the final step, sections of V r = (H r -i)° 
are genuine differential forms. Thus all sections of <£> r are equivalent up to an 
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orthonormal change. Choose a local section cp r of <i> r . This determines a unique 
local section E r r _ 1 of f2J!_ 1 (<p). Under the orthonormal change cp r M> f<p r , we see 
E r r _ l n> E r r _ l f T so this determines a unique local section [e] r r _ l E fi^-l- 

This establishes a canonical choice of sections as in Lemma 13.51 for the case 
m = r — 1. We now successively apply Lemma 13.51 ending with the case m = 3. 
After this application, we have derived canonical sections 

[e]J,...,[e]f. 

For the final step, we partially apply Lemma 13.51 to produce sections 

[e]5,.-.,[e]g. 

However, we employ a different minimization procedure on [e\\ and do not produce 
the additional section. For the final step of identifying a section [e]g pointwise 
contained in [e]f, we first compute a section R of H , by 

r 

R=J2^(f"\K) 

m— 3 

where is any m-coframe field with entries in the bundles V m defined by (fTTj) 
and E™ is the representative of [e]™ dual to cp m . It is easy to check that R is 
independent under orthonormal changes of each ip m . 

Next, we let ip 2 be any 2-coframe field with entries in V 2 and pick E 2 to be the 
representative of [e]| dual to if 2 . Now, we can define W C E\ to be the collection 
of (2,0)-frame fields F inside E\ with the property that 

tr,y{ip 2 ,F) = -R. 

It follows easily from Lemma 13.21 that W is non-empty and has constant rank as 
an affine subbundle of E 2 . We then set Eq to be the section of W minimizing 
\\,y(ip 2 , -)||. ft is easy to check that the equivalence class [e]p of E\ is independent 
of an orthonormal change in ip 2 . 

We now locally define each partial complement V m to be the span of any rep- 
resentative of [e]™. The uniqueness of minimizers at each step ensures that these 
local complements piece together smoothly. Furthermore it is clear that if we form 
an orthonormal frame by concatenating representative frames from each [e]™ the 
condition of Definition Definition l2.10l is satisfied. Hence the complement produced 
form this algorithm is U-rigid. 

To show that the partial complements so produced are all natural, we first remark 
that all the local bundles used are natural as are the measures being minimized. 
Naturality follows easily from the fact that the scmi- t 7-nondcgenerate condition 
implies that all the minimizing sections are unique. 

□ 

We recall that the complement defined by this algorithm is known as the minimal 
rigid complement. The name derives from the minimization procedures that form 
the core of the algorithm defining the complement. 

To illustrate the algorithm, we run it on a simple but non-trivial example. 

Example 3.6. Consider a manifold M with tangent bundle spanned by global, lin- 
early independent vector fields X\ , X2 , T, Si , S2 where the only non-zero Lie bracket 
relations are 



[X 1 ,X 2 ] - T, [X U T\ = S u [X 2 ,T] = S 2 , [Xi,Si] - 3S 2 . 
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Let (j) 1 , <fr 2 , t, a 1 , a 2 denote the dual frame. If Xi , X 2 are declared to be an orthonor- 
mal frame for H , then it is easy to sec that M is equiregular, step 3 and that the 
collections {T} and {Si, represent equivalence classes that provide orthonor- 
mal frames for H 2 and H3 respectively. Since the bracket structures are identical 
at every point of M, we can do the computations globally. 
Set <t = (cr\cr 2 ) T then 

72,1/ irpi iirpn I 2aXi bXi + aX 2 
^ b ^={aX 2 + bXi 2bX 2 

j} A (aX 1 + bX 2 ) = (-2aX 2 + 2bX x ) . 

Both maps are injective so M is semi-^J-nondegenerate. 

Now let E\ — ([Si], [S2]) be a (3, 2)-frame dual to er. This represents the initial 
choice in the algorithm. To apply the hrst iteration of Lemma 13.51 we compute 

2aX Y (b + 3)Xi + aX 2 " 

aX 2 + {b + 3)Xi 2bX 2 



y(a,(S 1 +a[T],S 2 + b[T])) = 
Thus 



\\S>{v, (5i + a[T],S 2 + b[T}))\\ 2 = 6a 2 + 6b 2 + 126+18. 

This is minimized when a = 0, b = — 1, so the minimal (3, l)-frame E\ — ([Si], [S 2 — 
T] ) . The bundle V 2 is then spanned by unit length form r + a 2 and the additional 
(2,1)- frame is just E\ = [T]. 

For the second iteration of Lemma |3~51 we compute 



£/(t + a 2 , Si + ali + bX 2 , S 2 - T + cX x + dX 2 



-aX 2 + (3 + b)Xi 
-cX 2 + dXi 



which has minimal norm when a = c = d = and b = — 3. 
Now 

R = try (a, (Si,S 2 - T)) = -2X 2 

and since 

(12) y(r + a 2 ,T + aX x + bX 2 ) = -2aX 2 + 2bX x 

we see that W = T — Xi as a 0-rank afhne subbundle of [T] . Since W is 0-rank, 
T — Xi must be required minimal section. 

Thus the minimal rigid complement has V 2 is spanned by T — Xi and V3 spanned 
by Si — 3X 2 , S 2 — T. □ 

We conclude this section with the remark that the minimal rigid complement 
need not be the only natural complement. Indeed, if in the proof of Theorem A 
we did not restrict our attention to the affine subspace W at the last step, but 
instead used a final full application of Lemma [331 we would produce an alternative 
natural complement. In Example 13.61 this would mean that we are minimizing in 
(fT2"]l with no restrictions on a and b, This would change V 2 to the span of T instead. 
As we shall see in the next section, the vertical rigidity condition is very useful in 
applications and so we have chosen an algorithm that produces such a complement. 
However, it is very possible that this alternate complement could be more useful in 
other applications. 

With stronger conditions on M, it is also likely that natural complements with 
more refined behavior could be constructed. We do however make the remark that 
the semi-^7-nondegenerate condition is necessary for uniqueness within any such 
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minimization procedure and so will be required for any algorithmic constructions 
based on the methods outlined here. 

4. Observations and applications 

4.1. Sub-Riemannian Isometries. In [5], the author gave an in depth study of 
the isometries of a complemented sub-Riemannian manifold. Weak ii-isometries 
that preserved the complement were called (strong) ii-isometries. Now Theorem 
A provides a semi-j7-nondegenerate, equiregular sub-Riemannian manifold with a 
natural complement. Thus for these manifolds, all weak ii-isometries must preserve 
this complement and so the groups Iso*(M) and Iso(M), of smooth weak and 
strong ii-isometries respectively, are identical. Thus the results of [9] which held 
for Iso(M) must also hold for Iso*(M) under these conditions. In particular, from 
Theorem 3.8 and Corollary 3.9 in [9], we can now immediately obtain Theorem 
B where sub-Riemannian isometries are interpreted as weak ii-isometries. The 
results of [5] can also be used to greatly improve the dimension bound for particular 
examples. The improvements are difficult to describe for general case and depend 
closely on the bracket structure. Hence we won't discuss them here. 

4.2. Connections and sub-elliptic operators. Any global rather than local ten- 
sorial analysis on a sub-Riemannian manifold requires defining some notion of co- 
variant differentiation. This in turn requires a choice of complement. Usually these 
covariant derivatives have been defined only on specialized and restrictive categories 
of sub-Riemannian manifolds. However, in |11) . a canonical connection was intro- 
duced for a sub-Riemannian manifold with a choice of complement and Riemannian 
extension. In that paper, the Riemannian extension could be chosen arbitrarily pro- 
vided H and V were orthogonal, but the covariant derivative of a horizontal vector 
field was invariant under this choice. However, from our earlier observations, any 
complement to an equiregular sub-Riemannian manifold carries a canonical Rie- 
mannian extension. An intrinsic choice of complement, as offered by Theorem A, 
now means that, for semi- ./-nondegenerate, equiregular sub-Riemannian manifolds, 
we have a canonical connection defined on the whole tangent bundle. 

This connection can essentially be defined as follows: 

• For A, B sections of the same partial complement V m , V aB is the projection 
onto V m of the Levi-Civita covariant derivative with respect to the canonical 
metric extension. 

• For a section A of V m and k ^ m, Va essentially acts on sections of 14 as 
the skew-symmetric part of the operator B H> [A,B\^, where again the 
subscript (k) denotes projection onto T4-. More precisely, if TJ\, . . . , U m is 
an orthonormal frame for Vfc, then V^L^ is defined by 

( V A U t ,U j } = ±(( [A, Ui] ,U ] )-{ [A, Uj] ,Ui)). 

The reader is referred to [TT] for more details. It should be noted that the torsion T 
for this connection is decidedly non-zero. However for A, B sections of V m , T(A, B) 
is orthogonal to V m and for B 6 T4 with k ^ m the operator T(B, -)( m ) : V m — » V m 
is symmetric. 

Various conditions on the torsion have been important in the literature (see for 
example @], [S], [ID] >[H] )• Here we shall focus on two, V- normal and F-rigid. 
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Definition 4.1. The connection above is V -normal if T(H,V m ) is orthogonal to 
V m for each m. The connection is V -rigid if whenever {Ui} is an orthonormal 
frame for V , 



Since the connection is uniquely denned by the complement, we shall refer to a 
complement as being y-rigid or T^-normal. It is clear from Theorem A that for a 
semi-j7-nondegenerate, equiregular manifold the determined complement is always 
V^-rigid. Furthermore, an easy examination of semi-j7-nondegenerate condition and 
the proof of Theorem A shows that if a V-normal complement exists, it is unique, 
natural, and must be the complement constructed in Theorem A. 

The importance of t^-rigid complements comes from two main sources. First, 
given a complement and the associated connection, we can define the horizontal 
Laplacian by 



where {Ei} is any local orthonormal frame for H. In the presence of a canonical 
complement and Riemannian metric extension, there is then a canonical sub-elliptic 
operator associated to M in the same way that the Laplace-Beltrami operator is 
associated to a Riemannian manifold. A natural question is to ask what properties 
of the Laplace-Beltrami operator these horizontal Laplacians share. First, we note 
the existence of a natural volume form. 

Lemma 4.2. An orientable equiregular sub- Riemannian manifold of any step size 
r has a canonical, natural volume form. 

Proof. For 1 < m < r, let {-0m , • ■ • , V^} be a collection of local 1-forms in H^ l _ 1 
such their representatives in V m form a local orthonormal frame. We note then 
note that 

*m = "0m A • • • A Vd m 

is uniquely defined modulo H° n , up to sign. Thus it is easy to see that 

$1 A . . . f r 

is uniquely defined up to sign. If M is orientable, the sign can then be chosen 
consistently to yield a canonical volume form. That this volume form is natural is 
trivial and left to the reader. 



This volume form is sometimes known as the Popp volume form, see [T]. It 
is clear from the proof, that this volume for does not depend in any way on the 
complement. However, a fixed choice of partial complements means that the 1-forms 
can be chosen to be explicit orthonormal coframes on each level of the complement. 

It can easily be seen (see [11]) that if M is compact and the complement is 
1^-rigid then on functions 



^2(T(H,U i ),U i }=0. 



(13) 



A H T = \7 E , V^T - Vv E _B,T 



□ 



(14) 




ii 



where the L 2 -adjoint is taken with respect the canonical volume form of Lemma 
14.21 Hence in the X^-rigid case, the horizontal Laplacian is self-adjoint. 
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4.3. Minimal and CMC surfaces. The second area where T^-rigid complements 
are important is the study of minimal and constant mean curvature hypersurfaces 
in sub-Riemannian geometry. From the work of |12j and |13j . in the l^-rigid case 
the first and second variation of perimeter measure can be handled in a relatively 
straightforward manner. The above hypersurfaces can be characterized by a mean 
curvature tensor that is closely related to the classical tensor from Riemannian 
geometry. Without the I^-rigid condition an extra term appears in all the the 
characterizing equations and everything becomes much harder to work with (see 
for example Section 5 of |13|). For example, there are no second variation formulas 
on general categories of non V^-rigid sub-Riemannian manifolds. 

5. The step 2 case 

The semi-J"-nondegenerate condition is least restrictive and easiest to analyze 
in the step 2 case. This is largely due to the fact that we need only study a single 
operator J — J 1 ' 1 : — > Hom(H,H) and so all of the spaces involved consist of 
genuine vectors and covectors without the need for quotient spaces and equivalence 
classes. Here also we can define a stronger nondegeneracy condition. 

Definition 5.1. A step 2 sub-Riemannian manifold is J -nondegenerate at x if for 
all <p £ ^\{0}, the map J($) is an isomorphism of H x . 

Given an orthonormal frame <fi l , . . . , 4> d2 for H°, looking for a V^-normal comple- 
ment amounts to looking for a dual frame U\, . . . , Ud 2 such that for all i, j 

d<j) l {U 0l X) + d<j)>{U ll X) = 

for all X S H. The vector fields Ui can be interpreted as a natural generalization 
of the notion of a Reeb vector field for a contact form. In the notation of this 
paper this is looking for a dual frame U such that ^(tp, U) = 0. This idea appears 
naturally in the study of quatcrnionic contact manifolds conducted by Biquard [6 
and Duchemin [8 . Biquard established the existence of a ^-normal complement for 
quaternionic manifolds of dimension 4n + 3 with n > 1. In general, even assuming 
j7-nondegeneracy, it is not always possible to construct T^-normal complements. For 
quaternionic contact manfolds, this occurs in dimension 7. Duchemin extension of 
Biquard's work to dimension 7 assumes the existence of a ^-normal complement. 
The canonical V^-rigid complements constructed in this paper agree with these V- 
normal complements when they exist and should provide a viable alternative when 
they do not. 

As the semi- ^-degenerate condition is somewhat unwieldy, we conclude with 
some simpler sufficient conditions. 

Lemma 5.2. The following conditions are independently sufficient for M to be 
semi- J -nondegenerate at x, 

• M is J -nondegenerate at x. 

• There exists a tp £ (H°) x such that J(^) is an isomorphism of H . 

• There exists a orthonormal conframe ip — (ip 1 , . . . , tfi d2 ) T such that J(cj) 1 ) + 
■ ■ ■ + J(4> d2 ) is infective on ker Ji^ 1 ) + ■ ■ ■ + ker J(4> d2 ). 

Proof. For simplicity of notation, if we have chosen a coframe ip, we shall set 
Ji = J{4> 1 )- Sufficiency of the first condition is trivial and left to the reader. (It 
also follows from either of the other two.) 
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For the second condition, we note that by an orthonormal change of frame and 
a re-scaling, we can assume that ip = (j) 1 for some coframe ip — ((f) 1 , . . . , (f> d2 ) T and 
so J\ is an isomorphism. Then if J V (Z) = we clearly must have J\Z\ = and so 
Z\ = 0. But then = JkZ\ + J\Z^ — J\Z^ and so clearly Z = 0. 

For the third condition, we shall argue the case d 2 > 2 and leave the trivial cases 
d 2 < 2 to the reader. We first set N = ker J\ + ■ ■ ■ + kcr J d . 2 and J-% = J\ + . . . J d2 ■ 
If J V (Z) = 0, then clearly each Zi G ker Ji C N and for all 1 < i,j < d 2 , 
(Ji + Jj)(Zi + Zj) = 0. However it is then easy to see that 

MZ 1 + --- + Z d2 )= Yl {Ji + Jj)(Z i + Z j )=0. 

l<i<j<d 2 

But then by assumption Z\ = —(Z 2 + ■ ■ ■ Z d2 ) and for 1 < i < j < d 2l 
[Ji + Jj)v! = -{Ji + Jj){Z 2 + ■■■ + Z d2 ) 

= -(Ji + Jj)(Z 2 + ...Z~ i + --- + Z j + --- + Z d2 ) 
where " denotes omission. Thus, we can sum to find 

(da - 1) = -(da - 3) Yl JiZ j t = -(d 2 -3)(J j: -J 1 )(Z 2 + ...Z d2 ) 

\<i,j<d 2 

= (d 2 - 3)(J E - Ji)(Zi) = (d 2 - 3) J S Z,. 

But this clearly implies that Js-Z'i = and so Z\ = 0. That all other Zk = follows 
similarly. 

□ 

As a final comment, we note that this implies that all strictly pseudoconvex pscu- 
dohermitian manifolds and all quaternionic contact manifolds (including dimension 
7) are semi-J'-nondegenerate. In particular Theorem B applies to both categories. 
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